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Abstract
In this paper, we investigate the problem of electromagnetic (EM) wave
scattering by one and many small perfectly conducting bodies and present
a numerical method for solving it. For the case of one body, the problem
is solved for a body of arbitrary shape, using the corresponding boundary
integral equation. For the case of many bodies, the problem is solved
asymptotically under the physical assumptions a ¿ d ¿ λ, where a is
the characteristic size of the bodies, d is the minimal distance between
neighboring bodies, λ= 2pi/k is the wave length and k is the wave number.
Numerical results for the cases of one and many small bodies are presented.
Error analysis for the numerical method are also provided.
Keywords: electromagnetic scattering; many bodies; perfectly conducting body;
integral equation; EM waves.
MSC: 35J05; 35J57; 78A45; 78A25; 70F10.
1 Introduction
Many real-world electromagnetic (EM) problems like EM wave scattering, EM
radiation, etc [17], cannot be solved analytically and exactly to get a solution
*Mailing address: Mathematics Department, 138 Cardwell Hall, Manhattan, KS 66506
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in a closed form. Thus, numerical methods have been developed to tackle
these problems approximately. Computational Electromagnetics (CEM) has
evolved enormously in the past decades to a point that its methods can solve
EM problems with extreme accuracy. These methods can be classified into
two categories: Integral Equation (IE) method and Differential Equation (DE)
method. Typical IE methods include: Method of Moment (MoM) developed by
Roger F. Harrington (1968) [12], Fast Multipole Method (FMM) first introduced
by Greengard and Rokhlin (1987) [11] and then applied to EM by Engheta et
al (1992) [8], Partial Element Equivalent Circuit (PEEC) method [4], and Dis-
crete Dipole Approximation [2]. Typical DE methods are: Finite Difference
Time Domain (FDTD) developed by Kane Yee (1966) [3], Finite Element Method
(FEM) [5], Finite Integration Technique (FIT) proposed by Thomas Weiland
(1977) [16], Pseudospectral Time Domain (PSTD) [15], Pseudospectral Spatial
Domain (PSSD) [18], and Transmission Line Matrix (TLM) [9]. Among these
methods, FDTD has emerged as one of the most popular techniques for solving
EM problems due to its simplicity and ability to provide animated display of the
EM field. However, FDTD requires the entire computational domain be grid-
ded [19], that results in very long solution times. Furthermore, as a DE method, it
does not take into account the radiation condition in exact sense [13, 14], which
leads to certain error in the solution. On the other hand, spurious solutions
might exist in DE methods [20–22]. Most importantly, most of DE methods are
not suitable if the number of bodies is very large.
In [23–25, 27, 28, 30], A. G. Ramm has developed a theory of EM wave scatter-
ing by many small perfectly conducting and impedance bodies. In this theory,
the EM wave scattering problem is solved asymptotically under the physical
assumptions: a ¿ d ¿λ, where a is the characteristic size of the bodies, d is the
minimal distance between neighboring bodies, λ= 2pi/k is the wave length and
k is the wave number. In [29], a numerical method is developed for solving EM
wave scattering by many small impedance bodies. In this paper, the problem
of EM wave scattering by one and many small perfectly conducting bodies is
considered. A numerical method for solving this problem asymptotically based
on the above theory is presented. For the case of one body, the problem is solved
for a body of arbitrary shape, using the corresponding boundary integral equa-
tion. For the case of many small bodies, the problem is solved under the basic
assumptions a ¿ d ¿λ and the assumption about the distribution of the small
bodies
N (∆)= 1
a3
∫
∆
N (x)d x[1+o(1)], a → 0, (1.1)
2
in which ∆ is an arbitrary open subset of the domain Ω that contains all the
small bodies, N (∆) is the number of the small bodies in ∆, and N (x) is the
distribution function of the bodies
N (x)≥ 0, N (x) ∈C (Ω). (1.2)
In Sections 2 and 3, the theory of EM wave scattering by one and many small
perfectly conducting bodies is presented. The numerical methods for solving
these problems are also described in details. Furthermore, error analysis for the
numerical methods of solving the EM scattering problem are also provided. In
Section 4 these methods are tested and numerical results are discussed.
2 EM wave scattering by one perfectly conducting
body
Let D be a bounded perfectly conducting body, a = 12 diamD , S be its C 2-smooth
boundary, and D ′ :=R3 \ D. Let ² and µ be the dielectric permittivity and mag-
netic permeability constants of the medium in D ′. Let E and H denote the
electric and magnetic fields, respectively, E0 be the incident field and vE be the
scattered field. The problem of electromagnetic wave scattering by one perfectly
conducting body can be stated as follows
∇×E = iωµH , in D ′ :=R3 \ D, (2.1)
∇×H =−iω²E , in D ′, (2.2)
[N , [E , N ]]= 0, on S := ∂D, (2.3)
E = E0+ vE , (2.4)
E0 = E e i kα·x , E ·α= 0, α ∈ S2, (2.5)
∂vE
∂r
− i kvE = o
(
1
r
)
, r := |x|→∞, (2.6)
where ω> 0 is the frequency, k = 2pi/λ=ωp²µ is the wave number, ka ¿ 1, λ
is the wave length, E is a constant vector, and α is a unit vector that indicates
the direction of the incident wave E0. This incident wave satisfies the relation
∇·E0 = 0. The scattered field vE satisfies the radiation condition (2.6). Here, N
is the unit normal vector to the surface S, pointing out of D. By [·, ·] the vector
product is denoted and α · x is the scalar product of two vectors.
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The solution to problem (2.1)-(2.6) can be found in the form
E(x)= E0(x)+∇×
∫
S
g (x, t )J (t )d t , g (x, t ) := e
i k|x−t |
4pi|x− t | , (2.7)
see [23]. Here, E is a vector in R3 and ∇×E is a pseudo-vector, that is a vector-
like object which changes sign under reflection of its coordinate axes. E0 is the
incident plane wave defined in (2.5) and J is an unknown pseudo-vector that is
to be found. J is assumed to be tangential to S and continuous. J can be found
by applying the boundary condition (2.3), or equivalently [N ,E ]= 0, to (2.7) and
solving the resulting boundary integral equation
J
2
+ AJ := J (s)
2
+
∫
S
[Ns , [∇s g (s, t ), J (t )]]d t =−[Ns ,E0], (2.8)
or, equivalently
(I +2A)J = F, (2.9)
where F := −2[Ns ,E0]. Equation (2.9) is of Fredholm type since A is compact,
see [30].
Once we have J , E can be computed by formula (2.7) and H can be found by
the formula
H = ∇×E
iωµ
. (2.10)
If D is sufficiently small, then equation (2.9) is uniquely solvable in C (S) and
its solution J is tangential to S, see [23]. The asymptotic formula for E when the
radius a of the body D tends to zero can be derived as follows, see [23]. Rewrite
equation (2.7) as
E(x)= E0(x)+ [∇g (x, x1),Q]+∇×
∫
S
[g (x, t )− g (x, x1)]J (t )d t , (2.11)
where x1 ∈D , an arbitrary point inside the small body D , and
Q :=
∫
S
J (t )d t . (2.12)
Since
|∇g (x, x1)]| =O
(
k
d
+ 1
d 2
)
, d = |x−x1|, (2.13)
|g (x, t )− g (x, x1)| =O
((
k
d
+ 1
d 2
)
a
)
, a = |t −x1|, and (2.14)
|∇[g (x, t )− g (x, x1)]| =O
(
ak2
d
+ ak
d 2
+ a
d 3
)
, (2.15)
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the second term in (2.11) is much greater than the last term∣∣[∇g (x, x1),Q]∣∣À ∣∣∣∣∇×∫
S
[g (x, t )− g (x, x1)]J (t )d t
∣∣∣∣ , a → 0. (2.16)
Then, the asymptotic formula for E when a tends to zero is
E(x)= E0(x)+ [∇x g (x, x1),Q], a → 0, (2.17)
where |x−x1|À a, x1 ∈D . Thus, when D is sufficiently small, instead of finding
J , we can just find one pseudovector Q.
The analytical formula for Q is derived as follows, see [30]. By integrating
both sides of (2.8) over S, one gets∫
S
J (s)
2
d s+
∫
S
d s
∫
S
d t [Ns , [∇s g (s, t ), J (t )]]=−
∫
S
[Ns ,E0]d s. (2.18)
This is equivalent to
Q
2
+
∫
S
d t
∫
S
d s∇s g (s, t )Ns · J (t )−
∫
S
d t J (t )
∫
S
d s
∂g (s, t )
∂Ns
=−
∫
D
∇×E0d x. (2.19)
When a → 0, this equation becomes
Q
2
+ep
∫
S
d t
∫
S
d s
∂g (s, t )
∂sp
Nq (s)Jq (t )+ 1
2
∫
S
d t J (t )=−|D|∇×E0, 1≤ p, q ≤ 3,
(2.20)
where in the second term, summations over the repeated indices are understood,
ep , 1 ≤ p ≤ 3, are the orthogonal unit vectors in R3, |D| is the volume of D,
|D| = cD a3, and in the third term we use this estimate∫
S
d s
∂g (s, t )
∂Ns
'
∫
S
d s
∂g0(s, t )
∂Ns
=−1
2
, g0(s, t ) := 1
4pi|s− t | . (2.21)
Let
Γpq (t ) :=
∫
S
d s
∂g (s, t )
∂sp
Nq (s), (2.22)
then equation (2.20) can be rewritten as follows
Q
2
+ep
∫
S
d tΓpq (t )Jq (t )+Q
2
=−|D|∇×E0, (2.23)
or
Q+ΓQ =−|D|∇×E0, (2.24)
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where Γ is a 3×3 constant matrix and it is defined by
ΓQ = ep
∫
S
d tΓpq (t )Jq (t ), (2.25)
in which summations are understood over the repeated indices. Thus, Q can be
written as
Q =−|D|(I +Γ)−1∇×E0, a → 0, (2.26)
where I := I3, the 3×3 identity matrix. This formula is asymptotically exact as
a → 0.
2.1 Numerical method for solving EM wave scattering by one
perfectly conducting spherical body
In this section, we consider the EM wave scattering problem by a small perfectly
conducting spherical body. Instead of solving the problem (2.1)-(2.6) directly, we
will solve its corresponding boundary integral equation (2.8) for the unknown
vector J
J (s)
2
+
∫
S
[Ns , [∇s g (s, t ), J (t )]]d t =−[Ns ,E0]. (2.27)
Then the solution E to the EM wave scattering problem by one perfectly conduct-
ing body can be computed by either the exact formula (2.7) or the asymptotic
formula (2.17).
Scattering by a sphere has been discussed in many papers, for example [1]
in which Mie solves the EM wave scattering problem by separation of variables.
The EM field, scattered by a small body, is proportional to O(a3).
Suppose S is a smooth surface of a spherical body. Let S be partitioned
into P non-intersecting subdomains Si j ,1≤ i ≤mθ,1≤ j ≤mφ, using spherical
coordinates, where mθ is the number of intervals of θ between 0 and 2pi and
mφ defines the number of intervals of φ between 0 and pi. Then P =mθmφ+2,
which includes the two poles of the sphere. mθ is defined in this way: mθ =
mφ+|φ− pi2 |6mφ. This means the closer it is to the poles of the sphere, the more
intervals for θ are used. Then the point (θi ,φ j ) in Si j is chosen as follows
θi = i 2pi
mθ
, 1≤ i ≤mθ, (2.28)
φ j = j pi
mφ+1
, 1≤ j ≤mφ. (2.29)
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Note that there are many different ways to distribute collocation points. However,
the one that we describe here will guarantee convergence to the solution to
(2.27) with fewer collocation points used from our experiment. Furthermore,
one should be careful when choosing the distribution of collocation points on a
sphere. If one chooses φ j = j pimφ ,1≤ j ≤mφ, then when j =mφ, φ j =pi and thus
there is only one point for this φ regardless of the value of θ as shown in (2.30).
The position of a point in each Si j can be computed by
(x, y, z)i j = a(cosθi sinφ j , sinθi sinφ j ,cosφ j ), (2.30)
and the outward-pointing unit normal vector N to S at this point is
Ni j =N (θi ,φ j )= (cosθi sinφ j , sinθi sinφ j ,cosφ j ). (2.31)
For a star-shaped body with a different shape, only the normal vector N needs
to be recomputed. Rewrite the integral equation (2.27) as
J (s)
2
+
∫
S
∇s g (s, t )Ns · J (t )d t −
∫
S
∂g (s, t )
∂Ns
J (t )d t =−[Ns ,E0]. (2.32)
This integral equation can be discretized as follows
J (i )+2
P∑
j 6=i
[∇s g (i , j )Ns(i )· J ( j )− J ( j )∇s g (i , j )·Ns(i )]∆ j = F (i ), 1≤ i ≤ P, (2.33)
in which by i the point (xi , yi , zi ) is denoted, F (i ) := −2[Ns ,E0](i ), and ∆ j is
the surface area of the subdomain j . This is a linear system with unknowns
J (i ) := (Xi ,Yi , Zi ),1≤ i ≤ P . This linear system can be rewritten as follows
Xi +
P∑
j 6=i
ai j X j +bi j Y j + ci j Z j = Fx(i ), (2.34)
Yi +
P∑
j 6=i
a′i j X j +b′i j Y j + c ′i j Z j = Fy (i ), (2.35)
Zi +
P∑
j 6=i
a′′i j X j +b′′i j Y j + c ′′i j Z j = Fz(i ), (2.36)
where by the subscripts x, y, z the corresponding coordinates are denoted, e.g.
F (i )= (Fx ,Fy ,Fz)(i ), and
ai j := 2[∇g (i , j )x Nx(i )−∇g (i , j ) ·N (i )]∆ j , (2.37)
bi j := 2∇g (i , j )x Ny (i )∆ j , (2.38)
ci j := 2∇g (i , j )x Nz(i )∆ j , (2.39)
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for i 6= j ; when i = j : ai i = 1,bi i = 0, and ci i = 0,
a′i j := 2∇g (i , j )y Nx(i )∆ j , (2.40)
b′i j := 2[∇g (i , j )y Ny (i )−∇g (i , j ) ·N (i )]∆ j , (2.41)
c ′i j := 2∇g (i , j )y Nz(i )∆ j , (2.42)
for i 6= j ; when i = j : a′i i = 0,b′i i = 1, and c ′i i = 0,
a′′i j := 2∇g (i , j )z Nx(i )∆ j , (2.43)
b′′i j := 2∇g (i , j )z Ny (i )∆ j , (2.44)
c ′′i j := 2[∇g (i , j )z Nz(i )−∇g (i , j ) ·N (i )]∆ j , (2.45)
for i 6= j ; when i = j : a′′i i = 0,b′′i i = 0, and c ′′i i = 1.
2.2 Error analysis
Recall the boundary integral equation (2.8)
J (s)
2
+
∫
S
[Ns , [∇s g (s, t ), J (t )]]d t =−[Ns ,E0]. (2.46)
Integrate both sides of this equation over S and get
Q+ΓQ =−|D|∇×E0, (2.47)
see Section 2. Once J is found from solving (2.46), Q can be computed by
Q = ∫S J(t)d t . Then one can validate the values of J and Q by checking the
following things
• Is J tangential to S as shown in Section 2? One needs to check J (s) ·Ns .
• Is Q = ∫S J (t )d t correct? The relative error of Q can be computed as follows
Error= |Q+ΓQ−RHS||RHS| , (2.48)
where RHS :=−|D|∇×E0. This will give the error of the numerical method
for the case of one body.
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Furthermore, one can also compare the value of the asymptotic Qa in formula
(2.26) with the exact Qe defined in (2.12) by
Error= |Qe −Qa ||Qe |
, (2.49)
and check the difference between the asymptotic Ea in (2.17) and the exact Ee
defined in (2.7) by computing this relative error
Error= |Ee −Ea ||Ee |
. (2.50)
2.3 General method for solving EMwave scattering by one per-
fectly conducting body
In this section, we present a general method for solving the EM wave scattering
problem by one perfectly conducting body, whose surface is parametrized by
f (u, v)= (x(u, v), y(u, v), z(u, v)).
• Step 1: One needs to partition the surface of the body into P non-intersecting
subdomains. In each subdomain, choose a collocation point. The position
of the collocation points can be computed using f (u, v)= (x(u, v), y(u, v), z(u, v)),
see for example (2.28)-(2.30).
• Step 2: Find the unit normal vector N of the surface from the function f .
• Step 3: Solve the linear system (2.34)-(2.36) for Xi ,Yi , and Zi ,1 ≤ i ≤ P .
Then vector J in the boundary integral equation (2.8) is computed by
J (i ) := (Xi ,Yi , Zi ) at the point i on the surface.
• Step 4: Compute the electric field E using (2.7).
3 EM wave scattering by many small perfectly con-
ducting bodies
Consider a bounded domainΩ containing M small bodies Dm , 1≤m ≤M , and
Sm are their corresponding smooth boundaries. Let D :=⋃Mm=1 Dm ⊂Ω and D ′
be the complement of D in R3. We assume that S =⋃Mm=1 Sm is C2-smooth. ² is
the dielectric permittivity constant and µ is the magnetic permeability constant
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of the medium. Let E and H denote the electric and magnetic fields, respectively.
E0 is the incident field and v is the scattered field. The problem of electro-
magnetic wave scattering by many small perfectly conducting bodies involves
solving the following system
∇×E = iωµH , in D ′ :=R3 \ D, D :=
M⋃
m=1
Dm , (3.1)
∇×H =−iω²E , in D ′, (3.2)
[N , [E , N ]]= 0, on S, (3.3)
E = E0+ v, (3.4)
E0 = E e i kα·x , E ·α= 0, α ∈ S2. (3.5)
where v satisfies the radiation condition (2.6), ω> 0 is the frequency, k = 2pi/λ
is the wave number, ka ¿ 1, a := 12 maxm diamDm , and α is a unit vector that
indicates the direction of the incident wave E0. Furthermore,
²= ²0, µ=µ0 inΩ′ :=R3 \Ω. (3.6)
Assume that the distribution of small bodies Dm , 1≤m ≤M , inΩ satisfies the
following formula
N (∆)= 1
a3
∫
∆
N (x)d x[1+o(1)], a → 0, (3.7)
whereN (∆) is the number of small bodies in ∆, ∆ is an arbitrary open subset of
Ω, and N (x) is the distribution function
N (x)≥ 0, N (x) ∈C (Ω). (3.8)
Note that E solves this equation
∇×∇×E = k2E , k2 =ω2²µ, (3.9)
if µ=const. Once we have E , then H can be found from this relation
H = ∇×E
iωµ
. (3.10)
From (3.10) and (3.9), one can get (3.2). Thus, we need to find only E which
satisfies the boundary condition (3.3). It was proved in [23] that under the
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radiation condition and the assumptions a ¿ d ¿λ, the problem (3.1)-(3.5) has
a unique solution and its solution is of the form
E(x)= E0(x)+
M∑
m=1
∇×
∫
Sm
g (x, t )Jm(t )d t , (3.11)
where Jm are unknown continuous functions that can be found from the bound-
ary condition. Let
Qm :=
∫
Sm
Jm(t )d t . (3.12)
When a → 0, the asymptotic solution for the electric field is given by
E(x)= E0(x)+
M∑
m=1
[∇g (x, xm),Qm], a → 0. (3.13)
Therefore, instead of finding Jm(t ),∀t ∈ S,1≤m ≤M , to get the solution E , one
can just find Qm . This allows one to solve the EM scattering problem with a very
large number of small bodies which is impossible to do before. The analytic
formula for Qm can be derived by using formula (2.26) and replacing E0 in this
formula by the effective field Ee (xm) acting on the m-th body
Qm =−|Dm |(I +Γ)−1∇×Ee (xm), 1≤m ≤M , xm ∈Dm , (3.14)
where the effective field acting on the m-th body is defined as
Ee (xm)= E0(xm)+
M∑
j 6=m
[∇g (xm , x j ),Q j ] 1≤m ≤M . (3.15)
When a → 0, the effective field Ee (x) is asymptotically equal to the field E(x) in
(3.13) as proved in [23] and [30].
Let Eem := Ee (xm), where xm is a point in Dm . From (3.14), and (3.15), one
gets
Eem = E0m −
M∑
j 6=m
[∇g (xm , x j ), (I +Γ)−1∇×Ee j ]|D j |, 1≤m ≤M . (3.16)
3.1 Numericalmethod for solving EMwave scattering bymany
small perfectly conducting bodies
For finding the solution to EM wave scattering in the case of many small perfectly
conducting bodies, we need to find Eem in (3.16). Apply the operator (I+Γ)−1∇×
11
to both sides of (3.16) and let Am := (I +Γ)−1∇×Eem . Then
Am = A0m − (I +Γ)−1
M∑
j 6=m
|D j |
(∇x × [∇g (x, x j ), A j ]) |x=xm , 1≤m ≤M , (3.17)
Solving this system yields Am , for 1≤m ≤M . Then E can be computed by
E(x)= E0(x)+
M∑
m=1
[∇g (x, xm),Qm], (3.18)
where
Qm =−|Dm |Am , 1≤m ≤M . (3.19)
Equation (3.17) can be rewritten as follows
Am = A0m −
M∑
j 6=m
τ[k2g (xm , x j )A j + (A j ·∇x)∇g (x, x j )|x=xm ]|D j |, (3.20)
where 1≤m ≤M , τ := (I +Γ)−1, and Am are vectors in R3.
Let Ai := (Xi ,Yi , Zi ) then one can rewrite the system (3.20) as
Xi +
M∑
j 6=i
ai j X j +bi j Y j + ci j Z j = Fx(i ), (3.21)
Yi +
M∑
j 6=i
a′i j X j +b′i j Y j + c ′i j Z j = Fy (i ), (3.22)
Zi +
M∑
j 6=i
a′′i j X j +b′′i j Y j + c ′′i j Z j = Fz(i ), (3.23)
in which by the subscripts x, y, z the corresponding coordinates are denoted, e.g.
F (i )= (Fx ,Fy ,Fz)(i ), where F (i ) := A0i and
ai j := [k2g (i , j )+∂x∇g (i , j )x]|D j |τ(1,1), (3.24)
bi j := ∂y∇g (i , j )x |D j |τ(1,1), (3.25)
ci j := ∂z∇g (i , j )x |D j |τ(1,1), (3.26)
for i 6= j , here τ(1,1) is the entry (1,1) of matrix τ in (3.20); when i = j : ai i =
1,bi i = 0, and ci i = 0;
a′i j := ∂x∇g (i , j )y |D j |τ(2,2), (3.27)
b′i j := [k2g (i , j )+∂y∇g (i , j )y ]|D j |τ(2,2), (3.28)
c ′i j := ∂z∇g (i , j )y |D j |τ(2,2), (3.29)
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for i 6= j ; when i = j : a′i i = 0,b′i i = 1, and c ′i i = 0;
a′′i j := ∂x∇g (i , j )z |D j |τ(3,3), (3.30)
b′′i j := ∂y∇g (i , j )z |D j |τ(3,3), (3.31)
c ′′i j := [k2g (i , j )+∂z∇g (i , j )z]|D j |τ(3,3), (3.32)
for i 6= j ; when i = j : a′i i = 0,b′i i = 0, and c ′i i = 1.
3.2 Error analysis
The error of the solution to the EM wave scattering problem by many small
perfectly conducting bodies can be estimated as follows. From the solution E of
the electromagnetic scattering problem by many small bodies given in (3.11)
E(x)= E0(x)+
M∑
m=1
∇×
∫
Sm
g (x, t )Jm(t )d t , (3.33)
we can rewrite it as
E(x)= E0(x)+
M∑
m=1
[∇g (x, xm),Qm]+
M∑
m=1
∇×
∫
Sm
[g (x, t )− g (x, xm)]Jm(t )d t .
(3.34)
Comparing this with the asymptotic formula for E when a → 0 given in (3.13)
E(x)= E0(x)+
M∑
m=1
[∇g (x, xm),Qm], (3.35)
we have the error of this asymptotic formula is
Error=
∣∣∣∣∣ M∑m=1∇×
∫
Sm
[g (x, t )− g (x, xm)]Jm(t )d t
∣∣∣∣∣∼ 14pi
(
ak2
d
+ ak
d 2
+ a
d 3
) M∑
m=1
|Qm |,
(3.36)
where d =minm |x−xm | and
Qm =−|Dm |(I +Γ)−1∇×Ee (xm), 1≤m ≤M , xm ∈Dm , a → 0, (3.37)
because
|∇[g (x, t )− g (x, xm)]| =O
(
ak2
d
+ ak
d 2
+ a
d 3
)
, a =max
m
|t −xm |. (3.38)
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4 Experiments
4.1 EM wave scattering by one perfectly conducting spherical
body
To illustrate the idea of the numerical method, we use the following physical
parameters to solve the EM wave scattering problem by one small perfectly
conducting sphere, i.e solving the linear system (2.34)-(2.36)
• Speed of wave, c = (3.0E +10) cm/sec.
• Frequency, ω= (5.0E +14) Hz.
• Wave number, k = (1.05E +05) cm−1.
• Wave length, λ= (6.00E −05) cm.
• Direction of incident plane wave, α= (0,1,0).
• Magnetic permeability, µ= 1.
• Vector E = (1,0,0).
• Incident field vector, E0: E0(x)= E e i kα·x .
• The body is a sphere of radius a, centered at the origin.
We use GMRES iterative method, see [10], to solve the linear system (2.34)-(2.36).
For a spherical body, matrix Γ in (2.24) can be computed analytically as follows.
Recall that
Γpq (t ) :=
∫
S
∂g (s, t )
∂sp
Nq (s)d s, 1≤ p, q ≤ 3, (4.1)
where
N = (cosθ sinφ, sinθ sinφ,cosφ) (4.2)
and
∂g (s, t )
∂sp
' ∂g0(s, t )
∂sp
=− sp − tp
4pi|s− t |3 , g0(s, t ) :=
1
4pi|s− t | . (4.3)
We choose a coordinate system centered at the center of the sphere such that
t = (0,0, a) and s = aN . Then
Γpq (t ) :=− a
2
4pi
∫ 2pi
0
dθ
∫ pi
0
dφsinφ
(sp − tp )Nq
a38sin3 φ2
, 1≤ p, q ≤ 3. (4.4)
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When
p = q = 1 : Γ11(t )=−1/3, (4.5)
p = q = 2 : Γ22(t )=−1/3, (4.6)
p = q = 3 : Γ33(t )= 1/6, (4.7)
p 6= q : Γpq (t )= 0. (4.8)
Therefore, matrix Γ is
Γ'
 −1/3 0 00 −1/3 0
0 0 1/6
 (4.9)
For example, Table 1 shows the exact and asymptotic vector Q when the
radius of the body is a = (1.0E −09) cm and the number of collocation points
used to solve the integral equation (2.27) is P = 766. Note that a = (1.0E −09)
cm satisfies ka ¿ 1. The point x1 in (2.17) is taken at the center of the body,
the origin. Table 2 and 3 show the exact and asymptotic vector E = (Ex ,Ey ,Ez),
the electric field, at the point x outside of the body, respectively. The distance
|x−x1| is measured in cm in these tables.
Table 1: Vector Qe and Qa when P = 766 collocation points and a = (1.0E −09) cm.
P=766, a=1.0E-09
1.0E-21 *
Qe 0.0000 + 0.0000i 0.0000 + 0.0000i 0.0000 + 0.3925i
Qa 0.0000 + 0.0000i 0.0000 + 0.0000i 0.0000 + 0.3760i
Table 2: Vector Ee for one perfectly conducting body with a = (1.0E−09) cm and P = 766
collocation points.
|x−x1| Ee (x)
1.73E-08 1.0000 + 0.0010i 0.0001 + 0.0000i 0.0004 + 0.0000i
1.73E-07 0.9999 + 0.0105i 0.0000 + 0.0000i 0.0000 + 0.0000i
1.73E-06 0.9945 + 0.1045i 0.0000 + 0.0000i 0.0000 + 0.0000i
In this case, we also verify the following things:
a) Is J tangential to S?
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Table 3: Vector Ea for one perfectly conducting body with a = (1.0E−09) cm and P = 766
collocation points.
|x−x1| Ea(x)
1.73E-08 1.0000 + 0.0010i 0.0000 + 0.0000i 0.0000 + 0.0000i
1.73E-07 0.9999 + 0.0105i 0.0000 + 0.0000i 0.0000 + 0.0000i
1.73E-06 0.9945 + 0.1045i 0.0000 + 0.0000i 0.0000 + 0.0000i
Table 4: Relative errors between the asymptotic and exact formulas for E when P = 766
collocation points and a = (1.0E −09) cm.
|x−x1| Ee vs Ea
1.73E-08 4.67E-04
1.73E-07 4.67E-07
1.73E-06 4.70E-10
In fact, this vector J is tangential to the surface S of the body, J ·Ns =O(10−14).
b) How accurate is the asymptotic formula (2.26) for Q?
We check the accuracy of the asymptotic formula for Q in (2.26) by comparing it
with the exact formula (2.12), see Section 2.2, and the relative error is 4.21E −02.
The more collocation points used, the little this relative error is.
c) How accurate is the asymptotic formula (2.17) for E?
The accuracy of the asymptotic formula for E in (2.17) can be checked by com-
paring it with the exact formula (2.7) at several points x outside of the body,
|x−x1|À a where x1 is the center of the body, see the error analysis in Section
2.2. The relative errors are given in Table 4.
Table 5: Relative errors of the asymptotic E and Q when P = 1386 collocation points.
P = 1386, |x−x1| = 1.73E −05
a 1.00E-07 1.00E-08 1.00E-09 1.00E-10
Ee vs Ea 1.08E-06 1.08E-09 1.08E-12 1.12E-15
Qe vs Qa 1.96E-02 1.96E-02 1.96E-02 1.89E-02
Table 5 compares the asymptotic Qa versus exact Qe and asymptotic Ea
versus exact Ee , when P = 1386 collocation points, |x−x1| = 1.73E −05 cm, and
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with various a. The errors shown in this table are relative errors, see the error
analysis in Section 2.2. As one can see from this table, the smaller the radius a
is, compared to the distance from the point of interest to the center of the body,
the more precise the asymptotic formulas of E and Q are.
Furthermore, the numerical results also depend on the number of collo-
cation points used. The more collocation points used, the more accurate the
results is.
4.2 EM wave scattering by one perfectly conducting ellipsoid
body
In this section, we consider the EM wave scattering problem by a small perfectly
conducting ellipsoid body. The method for solving the problem in this setting
is the same as that of Section 2.1 except that one needs to recompute the unit
normal vector N .
To get the solution of this problem, one can follow the steps in Section 2.1.
In particular, one needs to solve the linear system (2.34)-(2.36).
To illustrate the idea, we use the same physical parameters as described in
Section 4.1, except that the body now is an ellipsoid. Let S be its smooth surface.
The way we partition S into many subdomains Si j is the same as the way we
partition a spherical body as described in section 2.1. Then, the position of the
collocation point in each subdomain Si j is defined by
(x, y, z)i j = (a cosθi sinφ j ,b sinθi sinφ j ,c cosφ j ), (4.10)
where a,b, and c are the lengths of the semi-principal axes of the ellipsoid. The
outward-pointing normal vector n to S at this point is
ni j = n(θi ,φ j )= 2
(
cosθi sinφ j
a
,
sinθi sinφ j
b
,
cosφ j
c
)
, (4.11)
and the corresponding unit normal vector N is
Ni j =N (θi ,φ j )= ni j /|ni j |. (4.12)
For example, Tables 6 and 7 show the exact and asymptotic vector E =
(Ex ,Ey ,Ez), the electric field, got from solving this EM wave scattering prob-
lem with one perfectly conducting ellipsoid body, when the semi-principle axes
of the body are a = (1.0E −08) cm, b = (1.0E −09) cm, c = (1.0E −09) cm, and
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Table 6: Vector Ee for one perfectly conducting ellipsoid body with a = (1.0E −08) cm,
b = (1.0E −09) cm, c = (1.0E −09) cm, and P = 1052 collocation points.
|x−x1| Ee (x)
1.01E-07 0.9998 + 0.0010i -0.0000 + 0.0000i -0.0000 - 0.0000i
1.01E-06 0.9999 + 0.0105i -0.0000 + 0.0000i -0.0000 - 0.0000i
1.01E-05 0.9945 + 0.1045i -0.0000 + 0.0000i -0.0000 - 0.0000i
Table 7: Vector Ea for one perfectly conducting ellipsoid body with a = (1.0E −08) cm,
b = (1.0E −09) cm, c = (1.0E −09) cm, and P = 1052 collocation points.
|x−x1| Ea(x)
1.01E-07 1.0000 + 0.0010i -0.0000 + 0.0000i 0.0000 - 0.0000i
1.01E-06 0.9999 + 0.0105i -0.0000 + 0.0000i 0.0000 - 0.0000i
1.01E-05 0.9945 + 0.1045i -0.0000 + 0.0000i 0.0000 - 0.0000i
the number of collocation points is P = 1052. Note that a, b, and c satisfy
k max(a,b,c)¿ 1. The point x1 in (2.17) is taken at the center of the ellipsoid
body. Each row in Tables 6 and 7 shows the exact and asymptotic E = (Ex ,Ey ,Ez ),
respectively, at the point x outside of the body. The distance |x−x1| is measured
in cm in these tables.
As for the case of one body, we need to verify the following things:
a) Is J tangential to S?
In fact, this vector J is tangential to the surface S of the body, J ·Ns =O(10−13).
b) Are Q and J correct? We check the relative error described in Section 2.2,
Error= |Q+ΓQ−RHS||RHS| = 14%. The more collocation points used, the smaller this
error is, for example, with P = 1762 collocation points, this error is only 3.6%.
c) How accurate is the asymptotic formula (2.17) for E?
The accuracy of the asymptotic formula for E in (2.17) can be checked by com-
paring it with the exact formula (2.7) at several points x outside of the body,
|x−x1|Àmax(a,b,c) where x1 is the center of the body. The relative errors are
given in Table 8.
Table 9 shows the relative errors between the asymptotic E versus exact E ,
when P = 1052 collocation points, |x − x1| = 1.73E −07 cm, and with various
semi-principle axes a, b, and c. As one can see from this table, the smaller the
semi-principle axes are, compared to the distance from the point of interest to
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Table 8: Relative errors between the asymptotic and exact formulas for E when P = 1052
collocation points, a = (1.0E −08) cm, b = (1.0E −09) cm, and c = (1.0E −09) cm.
|x−x1| Ee vs Ea
1.01E-07 1.73E-04
1.01E-06 1.73E-07
1.01E-05 1.73E-10
Table 9: Relative errors of the asymptotic E when P = 1052 collocation points.
P = 1052, |x−x1| = 1.73E −07
a 1.00E-07 1.00E-08 1.00E-09 1.00E-10
b 1.00E-08 1.00E-09 1.00E-10 1.00E-11
c 1.00E-08 1.00E-09 1.00E-10 1.00E-11
Ee vs Ea 2.65E-02 2.76E-05 2.76E-08 2.76E-11
the center of the body, the more accurate the asymptotic formulas of E is.
4.3 EMwave scattering by oneperfectly conducting cubic body
In this section, we consider the EM wave scattering problem by a small perfectly
conducting cubic body. Again, the method for solving the problem in this setting
is the same as that of Section 2.1 except that one needs to recompute the unit
normal vector N .
One can follow the steps outlined in Section 2.1 to solve this problem. That
means, one needs to solve the linear system (2.34)-(2.36).
For illustration purpose, we use the same physical parameters as described
in Section 4.1, except that the body now is a cube. Suppose the cube is placed in
the first octant where the origin is one of its vertices, one can use the standard
unit vectors in R3 as the unit normal vectors to the surfaces of the cube.
For example, Tables 10 and 11 show the exact and asymptotic vector E =
(Ex ,Ey ,Ez), the electric field, got from solving this EM wave scattering problem
with one perfectly conducting cubic body, when the half side of the body is
a = (1.0E −07) cm and the number of collocation points is M = 600. Note that
a = 1.0E −07 cm satisfies ka ¿ 1. The point x1 in (2.17) is taken at the center of
the cubic body. Each row in Tables 10 and 11 shows the exact and asymptotic
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Table 10: Vector Ee for one perfectly conducting body with a = (1.0E − 07) cm and
M = 600 collocation points.
|x−x1| Ee (x)
1.73E-04 -0.5000 - 0.8660i -0.0000 + 0.0000i -0.0000 + 0.0000i
1.73E-05 0.5000 + 0.8660i 0.0000 + 0.0000i 0.0000 + 0.0000i
1.73E-06 0.9945 + 0.1045i 0.0006 + 0.0000i 0.0006 + 0.0000i
Table 11: Vector Ea for one perfectly conducting body with a = (1.0E − 07) cm and
M = 600 collocation points.
|x−x1| Ea(x)
1.73E-04 -0.5000 - 0.8660i 0.0000 - 0.0000i 0.0000 + 0.0000i
1.73E-05 0.5000 + 0.8660i -0.0000 + 0.0000i -0.0000 - 0.0000i
1.73E-06 0.9945 + 0.1045i -0.0000 + 0.0000i -0.0000 - 0.0000i
E = (Ex ,Ey ,Ez), respectively, at the point x outside of the body. The distance
|x−x1| is measured in cm in these tables.
As before, for the case of one body, we need to verify the following things:
a) Is J tangential to S?
In fact, this vector J is tangential to the surface S of the body, J ·Ns =O(10−13).
b) How accurate is the asymptotic formula (2.26) for Q?
We check the relative error described in Section 2.2, Error= |Q+ΓQ−RHS||RHS| = 1.13%.
c) How accurate is the asymptotic formula (2.17) for E?
The accuracy of the asymptotic formula for E in (2.17) can be checked by com-
paring it with the exact formula (2.7) at several points x outside of the body,
|x− x1| À a where x1 is the center of the body. The relative errors are given in
Table 12.
Table 13 shows the relative errors between the asymptotic E versus exact E ,
when M = 600 collocation points, |x−x1| = (1.73E −06) cm, and with various a.
From this table, we can see that the smaller the side of the cube is, compared
to the distance from the point of interest to the center of the body, the more
accurate the asymptotic formula of E is.
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Table 12: Relative errors between the asymptotic and exact formulas for E when M = 600
collocation points and a = (1.0E −07) cm.
|x−x1| Ee vs Ea
1.73E-03 1.19E-08
1.73E-04 1.19E-07
1.73E-05 1.52E-06
1.73E-06 8.64E-04
Table 13: Relative errors of the asymptotic E when M = 600 collocation points.
M = 600, |x−x1| = 1.73E −06
a 1.00E-07 1.00E-08 1.00E-09
Ee vs Ea 8.64E-04 6.49E-07 6.32E-10
4.4 EMwave scatteringbymany small perfectly conductingbod-
ies
To illustrate the idea, consider a domain Ω as a unit cube placed in the first
octant such that the origin is one of its vertices. This domain Ω contains M
small bodies. Suppose these small bodies are particles. We use GMRES iterative
method, see [10], to solve the linear system (3.21)-(3.23). The following physical
parameters are used to solve the EM wave scattering problem
• Speed of wave, c = (3.0E +10) cm/sec.
• Frequency, ω= (5.0E +14) Hz.
• Wave number, k = (1.05E +05) cm−1.
• Wave length, λ= (6.00E −05) cm.
• Direction of incident plane wave, α= (0,1,0).
• Magnetic permeability, µ= 1.
• Volume of the domainΩ that contains all the particles, |Ω| = 1 cm3.
• The distance between two neighboring particles, d = (1.00E −07) cm.
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• Vector E = (1,0,0).
• Vector A0: A0m := (I +Γ)−1∇×E0(x)|x=xm = (I +Γ)−1∇×E e i kα·x |x=xm .
Note that the distance d satisfies the assumption d ¿ λ. The radius a of the
particles is chosen variously so that it satisfies the assumption ka ¿ 1. For
illustration purpose, the problem of EM wave scattering by many small perfectly
conducting bodies is solved with M = 27 and 1000 particles.
For example, Tables 14 show the result of solving the EM wave scattering
problem with M = 27 particles in the unit cube in which the distance between
neighboring particles is d = (1.0E − 07) cm and the radius of the particles is
a = (1.0E −09) cm. Each row in Tables 14 is a vector E(i )= (Ex ,Ey ,Ez)(i ) at the
point i in the cube. The norm of this asymptotic solution E is 5.20E +00 and the
error of the solution is 8.16E −10. This error is computed using (3.36).
Table 15 shows the relative errors of E when there are M = 27 particles in
the cube, the distance between neighboring particles is d = (1.0E −07) cm, and
with various radius a. Figure 1 shows the relative error of the asymptotic E .
From this figure, one can see that when the ratio a/d decreases from 1.0E −01
to 1.0E −04, the error of the asymptotic solution decreases linearly and rapidly
from 8.16E −06 to about 8.16E −18. The smaller the ratio a/d is, the better the
asymptotic formula (3.13) approximates E .
Figure 1: Error of the asymptotic solution E when M = 27 and d = (1.0E −07) cm.
Table 16 and Figure 2 show the results of solving the problem with M = 1000
particles, when the distance between neighboring particles is d = (1.0E −07)
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Table 14: Vector E when M = 27 particles, d = (1.0E −07) cm and a = (1.0E −09) cm.
M = 27, d = 1.0E −07, a = 1.0E −09
1.00E+00+1.01E-14i 5.69E-17-1.01E-14i 0.00E+00+0.00E+00i
1.00E+00+1.19E-14i 0.00E+00+0.00E+00i 0.00E+00+0.00E+00i
1.00E+00+1.01E-14i -5.69E-17+1.01E-14i 0.00E+00+0.00E+00i
1.00E+00+1.05E-02i 1.24E-16-1.19E-14i -1.36E-29-5.20E-36i
1.00E+00+1.05E-02i 0.00E+00+0.00E+00i -4.80E-30-5.20E-36i
1.00E+00+1.05E-02i -1.24E-16+1.19E-14i -1.22E-30-5.20E-36i
1.00E+00+2.09E-02i 1.54E-16-1.01E-14i -3.40E-30-1.04E-35i
1.00E+00+2.09E-02i 0.00E+00+0.00E+00i -2.43E-30-1.04E-35i
1.00E+00+2.09E-02i -1.54E-16+1.01E-14i -1.20E-30-1.04E-35i
1.00E+00+1.19E-14i 6.63E-17-1.19E-14i 0.00E+00+0.00E+00i
1.00E+00+1.40E-14i 4.80E-30+0.00E+00i 0.00E+00+0.00E+00i
1.00E+00+1.19E-14i -6.63E-17+1.19E-14i 0.00E+00+0.00E+00i
1.00E+00+1.05E-02i 1.47E-16-1.40E-14i -4.80E-30-5.20E-36i
1.00E+00+1.05E-02i 2.61E-30+0.00E+00i -2.61E-30-5.20E-36i
1.00E+00+1.05E-02i -1.47E-16+1.40E-14i -9.24E-31-5.20E-36i
1.00E+00+2.09E-02i 1.82E-16-1.19E-14i -2.43E-30-1.04E-35i
1.00E+00+2.09E-02i 9.24E-31+0.00E+00i -1.85E-30-1.04E-35i
1.00E+00+2.09E-02i -1.82E-16+1.19E-14i -1.01E-30-1.04E-35i
1.00E+00+1.01E-14i 5.69E-17-1.01E-14i 0.00E+00+0.00E+00i
1.00E+00+1.19E-14i 2.43E-30+0.00E+00i 0.00E+00+0.00E+00i
1.00E+00+1.01E-14i -5.69E-17+1.01E-14i 0.00E+00+0.00E+00i
1.00E+00+1.05E-02i 1.24E-16-1.19E-14i -1.22E-30-5.20E-36i
1.00E+00+1.05E-02i 1.85E-30+0.00E+00i -9.24E-31-5.20E-36i
1.00E+00+1.05E-02i -1.24E-16+1.19E-14i -5.03E-31-5.20E-36i
1.00E+00+2.09E-02i 1.54E-16-1.01E-14i -1.20E-30-1.04E-35i
1.00E+00+2.09E-02i 9.98E-31+0.00E+00i -1.01E-30-1.04E-35i
1.00E+00+2.09E-02i -1.54E-16+1.01E-14i -6.54E-31-1.04E-35i
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Table 15: Error of the asymptotic solution E when M = 27 and d = (1.0E −07) cm.
M=27, d=1.0E-07
a 1.00E-08 1.00E-09 1.00E-10 1.00E-11
a/d 1.00E-01 1.00E-02 1.00E-03 1.00E-04
Norm of E 5.20E+00 5.20E+00 5.20E+00 5.20E+00
Error of E 8.16E-06 8.16E-10 8.16E-14 8.16E-18
cm, and with different radius a. From these table and figure, one can see that
the relative error of the asymptotic solution in this case is also very small, less
than 3.02E −04, when the ratio a/d < 1.0E −01. In this case, the error of the
asymptotic E is greater than that of the previous case when M = 27. However,
this time, the error is also decreasing quickly and linearly when the ratio a/d
decreases from 1.0E −01 to 1.0E −04. Therefore, the asymptotic formula (3.13)
for the solution E is applicable when a ¿ d .
Table 16: Error of the asymptotic solution E when M = 1000 and d = (1.0E −07) cm.
M=1000, d=1.0E-07
a 1.00E-08 1.00E-09 1.00E-10 1.00E-11
a/d 1.00E-01 1.00E-02 1.00E-03 1.00E-04
Norm of E 3.16E+01 3.16E+01 3.16E+01 3.16E+01
Error of E 3.02E-04 3.02E-08 3.02E-12 3.02E-16
5 Conclusions
In this paper, we present a numerical method for solving the EM wave scattering
by one and many small perfectly conducting bodies. One of the advantages of
this method is that it is relatively easy to implement. Furthermore, one can get
an asymptotically exact solution to the problem when the characteristic size
of the bodies tends to zero. To illustrate the applicability and efficiency of the
method, we use it to solve the EM wave scattering problem by one and many
small perfectly conducting bodies. Numerical results of these experiments are
presented and error analysis of the asymptotic solutions for the case of one and
many bodies are also discussed. For the case of one small body, one can always
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Figure 2: Error of the asymptotic solution E when M = 1000 and d = (1.0E −07) cm.
find the exact solution using the described method. For the case of many small
bodies, the accuracy of our method is high if a ¿ d ¿λ.
The problem of EM wave scattering is much harder to treat, compared to
scalar wave scattering [6, 7, 26, 31]. For scalar wave scattering problem, a fast
algorithm is developed in [31] to deal with billions of particles. This is still open
to EM wave scattering. One might consider this as future research.
References
[1] G. Mie, “Beiträge zur optik trüber medien, speziell kolloidaler metallösun-
gen,” Annalen der physik, vol. 330, no. 3, pp. 377–445, 1908.
[2] H. DeVoe, “Optical properties of molecular aggregates. I. Classical model
of electronic absorption and refraction,” The Journal of chemical physics,
vol. 41, no. 2, pp. 393–400, 1964.
[3] K. S. Yee et al., “Numerical solution of initial boundary value problems
involving Maxwell’s equations in isotropic media,” IEEE Trans. Antennas
Propag, vol. 14, no. 3, pp. 302–307, 1966.
[4] A. E. Ruehli, “Equivalent circuit models for three-dimensional multicon-
ductor systems,” Microwave Theory and Techniques, IEEE Transactions on,
vol. 22, no. 3, pp. 216–221, 1974.
25
[5] O. C. Zienkiewicz, R. L. Taylor, O. C. Zienkiewicz, and R. L. Taylor, The finite
element method. McGraw-hill London, 1977, vol. 3.
[6] J. Nakayama, H. Ogura, M. Sakata, “Scattering of a scalar wave from a
slightly random surface,” Journal of Mathematical Physics, vol. 22, no. 3, pp.
471-477, 1981.
[7] S. Ito, “Analysis of scalar wave scattering from slightly rough random sur-
faces: A multiple scattering theory”, Radio Science, vol. 20, no. 01, pp. 1–12,
1985.
[8] N. Engheta, W. D. Murphy, V. Rokhlin, and M. Vassiliou, “The fast multipole
method for electromagnetic scattering computation,” IEEE Transactions
on Antennas and Propagation, vol. 40, pp. 634–641, 1985.
[9] W. J. R. Hoefer, “The transmission-line matrix method-theory and appli-
cations,” Microwave Theory and Techniques, IEEE Transactions on, vol. 33,
no. 10, pp. 882–893, 1985.
[10] Y. Saad and M. H. Schultz, “GMRES: A generalized minimal residual algo-
rithm for solving nonsymmetric linear systems,” SIAM Journal on scientific
and statistical computing, vol. 7, no. 3, pp. 856–869, 1986.
[11] L. Greengard and V. Rokhlin, “A fast algorithm for particle simulations,”
Journal of computational physics, vol. 73, no. 2, pp. 325–348, 1987.
[12] R. F. Harrington and J. L. Harrington, Field computation by moment meth-
ods. Oxford University Press, 1996.
[13] K. S. Kunz and R. J. Luebbers, The finite difference time domain method for
electromagnetics. CRC press, 1993.
[14] W. J. Buchanan, N. K. Gupta, and J. M. Arnold, “Simulation of radiation
from a microstrip antenna using three-dimensional finite-difference time-
domain (FDTD) method,” in Antennas and Propagation, 1993., Eighth
International Conference on. IET, 1993, pp. 639–642.
[15] Q. H. Liu, “The PSTD algorithm: A time-domain method requiring only two
cells per wavelength,” Microwave and Optical Technology Letters, vol. 15,
no. 3, pp. 158–165, 1997.
26
[16] M. C. T. Weiland, “Discrete electromagnetism with the finite integration
technique,” Progress In Electromagnetics Research, vol. 32, pp. 65–87, 2001.
[17] L. Tsang, J. A. Kong, and K. H. Ding, Scattering of Electromagnetic Waves,
Theories and Applications. John Wiley & Sons, 2004, vol. 27.
[18] J. C. A. Tyrrell, P. Kinsler, and G. H. C. New, “Pseudospectral spatial-domain:
a new method for nonlinear pulse propagation in the few-cycle regime with
arbitrary dispersion,” Journal of modern optics, vol. 52, no. 7, pp. 973–986,
2005.
[19] P. Stavroulakis, Biological Effects of Electromagnetic Fields: mechanisms,
modeling, biological effects, therapeutic effects, international standards,
exposure criteria. Springer Science & Business Media, 2013.
[20] G. Mur and I. E. Lager, “On the causes of spurious solutions in electromag-
netics,” Electromagnetics, vol. 22, no. 4, pp. 357–367, 2002.
[21] M. Lu, B. Shanker, and E. Michielssen, “Elimination of spurious solutions
associated with exact transparent boundary conditions in FDTD solvers,”
IEEE Antennas and Wireless Propagation Letters, vol. 3, no. 4, pp. 59–62,
2004.
[22] S. Zhao, “On the spurious solutions in the high-order finite difference meth-
ods for eigenvalue problems,” Computer methods in applied mechanics
and engineering, vol. 196, no. 49, pp. 5031–5046, 2007.
[23] A. G. Ramm, “Electromagnetic wave scattering by many small perfectly
conducting particles of an arbitrary shape,” Optics Communications, vol.
285, no. 18, pp. 3679–3683, 2012.
[24] M. I. Andriychuk, S. W. Indratno, and A. G. Ramm, “Electromagnetic wave
scattering by a small impedance particle: theory and modeling,” Optics
Communications, vol. 285, no. 7, pp. 1684–1691, 2012.
[25] A. Ramm, Scattering of Acoustic and Electromagnetic Waves by Small Bodies
of Arbitrary Shapes. Applications to Creating New Engineered Materials.
Momentum, New York, 2013.
[26] N. T. Tran, “Numerical solution of many-body wave scattering problem and
creating materials with a desired refraction coefficient,” The International
Journal of Structural Changes in Solids, vol. 5, pp. 27–38, 2013.
27
[27] A. G. Ramm and M. I. Andriychuk, “Application of the asymptotic solution
to EM field scattering problem for creation of media with prescribed per-
meability,” Journal of Applied Mathematics and Computing, vol. 45, no. 1-2,
pp. 461–485, 2014.
[28] A. Ramm and M. I. Andriychuk, “Calculation of electromagnetic wave scat-
tering by a small impedance particle of an arbitrary shape,” Mathematical
Modelling of Natural Phenomena, vol. 9, no. 5, pp. 254–269, 2014.
[29] N. Tran, “Numerical method for solving electromagnetic scattering
problem by many small impedance bodies,” Computational Physics,
arXiv:1412.5409, 2015.
[30] A. G. Ramm, “Scattering of electromagnetic waves by many small perfectly
conducting or impedance bodies,” Journal of Mathematical Physics, vol. 56,
no. 9, p. 091901, 2015.
[31] N. Tran, “A fast algorithm for solving scalar wave scattering problem by
billions of particles,” Journal of Algorithms and Optimization, vol. 3, no. 1,
pp. 1–13, 2015.
28
